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Abstract 

In this paper we prove that if we consider the standard real met- 
ric on simpUcial rooted trees then the category Tower-Set of inverse 
sequences can be described by means of the bounded coarse geome- 
try of the naturally associated trees. Using this we give a geometri- 
cal characterization of Mittag-LefHer property in inverse sequences in 
terms of the metrically proper homotopy type of the corresponding 
tree and its maximal geodesically complete subtree. We also obtain 
some consequences in shape theory. In particular we describe some 
new representations of shape morphisms related to infinite branches in 
trees. 
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1 Introduction 

It has been proved the efficiency of the use of category theory and categori- 
cal language to study more concrete mathematical structures. Moreover the 
construction of functors between categories allows us to translate specific 
facts in an specific framework to a different one. An example of all above 
is Algebraic Topology, created by means of Topology jointly with different 
functors to algebraic categories. Taking one step up on abstraction, new 
categories are created from old ones to produce new useful framework such 
as pro-categories (inverse systems) with the full subcategories of Towers (in- 
verse sequences) or in-categories (directed systems) with the subcategories 
of directed sequences. 
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Many developments in mathematics use the abstract algebraic construc- 
tion of pro-category to unify concepts, results and procedures. For exam- 
ple, pro-categories are used to describe shape theory in order to extend 
efficiently the algebraic treatment of CW-complexes or polyhedra to more 
general classes with not so good local properties. See [6], [12] and [5]. 

However the above mentioned categorical, or even pro-categorical, chain 
of constructions can have some not so good secondary effects such as to 
convert the language itself in a new matter to learn. 

One of the aims of this paper is to convert the category Tower- Set 
into a geometrical language involving trees and Coarse Geometry, giving 
so a new relation for Shape Theory. In particular we relate it to Coarse 
Geometry of simplicial M-trees. In fact we do something more going further 
in the following Serre's observation, [19] pages 18-19: "...We therefore have 
an equivalence between pointed trees and inverse systems of sets indexed by 
integers > 1 ". In this phrase Serre was referring to simplicial trees. Our 
purpose is to describe in a geometrical way the abstract language of pro- 
categories, at least for inverse sequences and maps between them, using 
trees and certain continuous maps between them. 

We then prove that if we consider the standard real metric on simplicial 
trees then the category of Towers can be described by means of a homotopy 
relation akin to the bounded Coarse Geometry of the corresponding tree. 
See |17| . |18| for anything herein related to Coarse Geometry. 

Based on the above equivalence it is natural to ask for describing results 
in one of the categories in terms of the other. This is the case of the im- 
portant Mittag-Leffler property for Towers. The Mittag-Leffler property was 
considered by Grothendieck, [^, in the realm of Algebraic Geometry. After 
the inverse systems description of shape theory by Mardesic and Segal in [TT] . 
it became clear soon the relevance of this property in shape theory. In fact 
this is a shape property in nature because it is equivalent in pro-Set to the 
notion of movability , see [l2], introduced by Borsuk. Of special relevance 
is the case of pro-Group. As one can see in [6] Chapter VI, Mittag-Leffler 
property appears at first in the study of algebraic properties associated to 
shape theory. This is because, in general, information may be lost when 
passing from pro-categories to their limits as it is the case in shape theory. 
However in the presence of Mittag-Leffler property all this information is 
retained. 

Our geometrical characterization of Mittag-Leffler property in inverse 
sequences is given in terms of the metrically proper homotopy type of the 
corresponding tree and its maximal geodesically complete subtree. 

We also reinterpret and reprove, from our context, some of the basic 
properties of inverse sequences, some of them for inverse sequences of groups. 
In particular the level morphisms convert to simplicial maps between trees 
and the description of any morphisms by a level one is nothing more than 
an approximation result by simplicial maps. We do this following Mardesic 
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and Segal text [12| . 

In |13| the authors constructed an isomorphism of categories involving 
real trees and ultrametric spaces. As described there, it was mainly related 
to a paper due to Hughes |8] but also to [15]. Anyway in [TSj we didn't treat 
anything related to shape theory as did in [15| . 

In this paper, as a consequence of our construction, we are going to 
get also some applications in shape theory. In fact we recover some of the 
results obtained in [15], related to the construction of ultrametrics (the main 
properties of this type of metrics are demonstrated and beautifully exposed 
in [16]) in the sets of shape morphisms, by passing to the end, to infinity, in 
our construction. 

So, as a summary, we go further on Serre's observation converting mor- 
phisms between inverse sequences into non-expansive metrically proper ho- 
motopy classes of non-expansive maps between trees. Thus, we represent the 
categorical framework of inverse sequences inside the core of the bounded 
Coarse Geometry of trees. As a consequence we obtain some basic construc- 
tions from [12] and [15] related to Shape Theory. 

Although our main source of information on M-trees is Hughes's paper 
[8], it must be also recommended the classical book [19] of Serre and the 
survey [^ of Bestvina to go further. Let us say that in [T^, J. Morgan treats 
a generalization of M-trees called A-trees. Moreover, Noncommutative Ge- 
ometry is used, by Hughes in p] , to study the local geometry of ultrametric 
spaces and the geometry of trees at infinity 

A notational convention is in order. We use Tower-C to denote the 
subcategory of pro-C whose objects are inverse sequences. 

2 Preliminaries. 

In [13], we proved an equivalence of categories between M-trees and ultramet- 
ric spaces which generalizes classical results of Freudenthal ends for locally 
finite simplicial trees, see [Ij. Some results and most of the language of that 
paper will be used here. We include in this section the basic definitions from 
[8] and |13| and we summarize without proofs some results which are relevant 
to this paper. 

Definition 2.1. A real tree, or M-tree is a metric space {T,d) that is 
uniquely arcwise connected and Vx,y € T, the unique arc from x to y, de- 
noted [x,y], is isometric to the subinterval [0,d{x,y)] o/M. 

Definition 2.2. A rooted M-tree, {T,v) is an M-iree {T,d) and a point 
v E T called the root. 

Definition 2.3. A rooted M-tree is geodesically complete if every isometric 
embedding / : [0, t] — > T, t > 0, with /(O) = v, extends to an isometric 
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embedding f : [0,oo) T. In that case we say that [v,f{t)] can be extended 
to a geodesic ray. 

Definition 2.4. If c is any point of the rooted E.-tree (T,v), the subtree of 
(T, v) determined by c is: 



Definition 2.5. A map f between two metric spaces X, X' is metrically 
proper if for any bounded set A in X' , f~^{A) is bounded in X. 

Definition 2.6. If{X,d) is a metric space and d{x,y) < ma,x{d{x, z), d{z,y)} 
for all x,y,z € X , then d is an ultrametric and {X, d) is an ultrametric 
space. 

There is a classical relation between trees and ultrametric spaces. The 
functors between the objects are defined as follows in [8j. 

Definition 2.7. The end space of a rooted M-^ree {T^v) is given by: 

end{T,v) = {/ : [0, oo) T \ /(O) = v and f is an isometric embedding }. 

For f,g & end{T,v), define: 



Remark 2.8. Abusing of the notation, we sometimes identify the element of 
the end space with its image on the tree. This will be usually called branch. 
Also, for non-geodesically complete W-trees, we also use branch to call any 
rooted non-extendable isometric embedding, making distinction between finite 
and infinite branches. 

Proposition 2.9. For any point in a rooted R-tree, x S {T,v), there is a 
branch F and some t € [0, oo) such that F{t) = x. 

Proposition 2.10. // {T,v) is a rooted M-iree, then {end{T,v),de) is a 
complete ultrametric space of diameter < 1. 

Let U be a complete ultrametric space with diameter < 1, define: 



with (a, t) ~ t') 44> t = t' and a,l3eU such that d{a,l3)<e *. 



Tc = {x e T\ c £ [v,x]}. 




Tu : 



U X [0, oo) 
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Given two points in Tu represented by equivalence classes [x, t], [y, s] with 
(x, t), {y, s) & U X [0, oo) define a metric on Tfj by: 



Di[x,t],[y,s]) 



\t — s\ if X = y, 

t + s — 2 inm{—ln{d{x, y)),t,s} if x 7^ y. 



Proposition 2.11. {Tu,D) is a geodesically complete rooted M.-tree. 

Some of these tools can be adapted for the more general case of rooted 
M-trees (not necessarily geodesically complete) using the fact that for any 
rooted M-tree, {T,v), there exists a unique geodesically complete subtree, 
{Too,v) C {T,v), that is maximal. 

Lemma 2.12. // the metric of {T^^v) is proper then it is a deformation 
retract of (T, v) . 

Of course in the framework of simplicial trees the subtree is always a 
deformation retract but this is not true, in general, for R-trees. 

Example 2.13. Consider the following M-iree iT,v). 



Fi F2 F3 



1/2 3/4 7/8 1 



Figure 1: The maximal geodesically subtree is not a retract. 

(T, has a finite branch, Fq, of length 1 (from the root to x), and 
geodesically complete branches Fi bifurcating from Fq at a distance ^gf^ 
from the root. 

The geodesically complete subtree (Too^v) is (T, t;)\{x}. Clearly, in this 
case (Too,w), is not a retract of {T,v). 

Proposition 2.14. Let f : {T,v) {T',w) be a rooted continuous and me- 
trically proper map, and let M > and N > such that f^^{B{w,M)) C 
B{v,N), then 

Vc G dB{v,N) 31 c' G dB{w,M) such that f{Tc) C T^,. 
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Definition 2.15. If f,g : X ^ T are two continuous maps from any topo- 
logical space X to a tree T then the shortest path homotopy is a homotopy 
H : X X I of f to g such that if : [0,d{f{x),g{x))] ^ [f{x),g{x)] 

is the isometric immersion of the subinterval [0,d{f{x),g{x))] C M into T 
whose image is the shortest path between f{x) and g{x), then H{x,t) = 
Ut-d{f{x),g{x))) VtG/ VxGX. 

Definition 2.16. Given f,f' : {T,v) {T',w) two rooted continuous me- 
trically proper maps, let H be a continuous map H : T x I ^ T' with 
H{v, t) = w "it^I such that MM > 0, 3A^ > such that H-^{B{v, M)) C 
B{v,N) X I. Then, H is a rooted metrically proper homotopy of f to f if 
H\tx{o} = f -f^lTx{i} = /'• 

Notation: / ~A/p /' if and only if there exists a rooted metrically proper 
homotopy of / to /'. 

Notation: We will denote / ~l /', rooted metrically proper non- 
expansive homotopic, if there is a rooted metrically proper homotopy of 
f to g which is non-expansive at each level. 

Notation: We will denote / cr^c" rooted coarse homotopic, if there is 
a rooted metrically proper homotopy of / to 5 which is coarse at each level. 

Consider the categories, 

T: Geodesically complete rooted M-trees and rooted metrically proper 
homotopy classes of rooted continuous metrically proper maps. 

U: Complete ultrametric spaces of diameter < 1 and uniformly continu- 
ous maps. 

Our main results in [T3| are the following: 

Theorem 2.17. There is an equivalence of categories between T andU. 

Corollary 2.18. There is an equivalence of categories between hi and the 
category of geodesically complete rooted 'R-trees with rooted metrically proper 
non-expansive homotopy classes of rooted metrically proper non-expansive 
maps. 

Corollary 2.19. There is an equivalence of categories between hi and the 
category of geodesically complete rooted M-<rees with rooted coarse homotopy 
classes of rooted continuous coarse maps. 

3 Inverse sequences 

In [19], Serre gives a description of some correspondence between inverse 
sequences and simplicial trees. Here we extend this relation to some catego- 
rial equivalences, considering the usual morphism between inverse sequences 
after [l2]. 
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Definition 3.1. An inverse sequence X_ = (Xn,pn) in the category C is an 
inverse system in C indexed by the natural numbers. 

Let us denote Pnm '■ ~^ the composition Pn° ■ ■ ■ °Pm-i- 

Definition 3.2. A morphism of inverse sequences (/n,^) : {Xn,Pn) 
{Yji, Qn) consists of a function $ : N — > N and morphisms fn '■ ^$(n) ~^ 
in C such that "in! > n there exists m > n,n' for which /„ o p^(^n)m = 

Qnn' ° fn' ° P^{n')m- 

There is an equivalence relation ~ between morphisms of sequences. We 
say that (/„, ~ {gn, ^) if every n admits some m > $(ra), ^'(ra) such that 

fn o P$(n)m = 9n ° P^{n)m- 

Let Tower-C be the category whose objects are inverse sequences in the 
category C and whose morphisms are equivalence classes of morphisms of 
sequences. The particular case we are mostly going to treat is Tower-Set, 
whose objects are inverse sequences in Set, the category of small sets. 

3.1 Inverse sequence of a tree 

Let (r, v) a rooted simplicial tree. For each integer n > let C„ be the set 
of vertices of T such that the distance to the root is n. For each vertex P 
of Cn there is a unique adjacent vertex P' distant n — 1 to the root. This 
defines a map fn'-P^P'of Cn to C„_i and hence an inverse sequence 

Ci <— C2 C„ • 

Furthermore, every inverse sequence can be obtained this way. 

3.2 Tree of an inverse sequence 

Let X_ = {Xn,Pn,^) be an inverse sequence (an inverse system with directed 
set N). Consider the union of the X„ and an extra point v the set of vertices 
of Fx and tlie geometric edges are {xn+i,Pn{xn+i)} and {xi,v}. Let Tx = 
real(Fx) (assume each edge with length 1), then (Tx, v) is a rooted simplicial 
tree. We therefore have an equivalence between rooted simplicial trees and 
inverse sequences in Set category. 

4 Metrically proper maps and morphisms of inverse 
sequences 

4.1 Metrically proper maps 

Let / : {T,v) — ^ {T',w) be a rooted continuous metrically proper map. We 
can induce from this map a morphism between inverse sequences (/„,$/) : 
(C„,p„,N)^(C;,p;,N). 
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Since / is metrically proper, Vn 3tn G N such that f-'^{B{w,n)) C 
B{v^ tn) and there is no problem to assume i„ > Thus by l2.14l Vc G Ct„ 

there exists a unique c' G such that /(Tc) C T'^,. Then let $j(n) = 
Vn G N and /n(c) = c' defines a map /„ : Ct„ C^. Obviously Pn°fn+i = 
fn ° P^f{n)^f{n+i) ^nd {fn,^f) is a morphism of inverse sequences. 

Another election of the tn would induce another morphism {f^,^f). It 
is immediate to see that in that case {fl^,^f) ~ Suppose t'^ = 

^/(n) > tn = ^f{n), and let d G Cfj^, c G Ct„ with c G (hence 
Pt„t'„{d) = c), then there is a unique c' G such that /(T^) C /(Tc) C T,'/ 
and clearly /„ o pt^t'^ = Hence, from a rooted continuous metrically 
proper map /, we induce a unique class of morphisms of inverse sequences 
[/], that is, a unique morphism in Tower-Set. 

4.2 Morphisms between inverse sequences 

Any morphism (/n,'&) '■ ]^ ^ Y_ between two inverse sequences induces a 
rooted continuous metrically proper map between the rooted trees (Tx , v) 
and (Ty , w) of X_ and Y_. To show this, first we need the following: An infinite 
branch of (Tx, v) is given by a sequence of vertices {xn)n&i with Xn G Xn 
and such that pn{xn+i) = Xn Vn. A finite branch is given by a finite sequence 
, Xm) such that pn{xn+i) — Xn Vn < 171 and Xm ^Pn{Xrn+l). The 
branches are the realization of the graph formed by those vertices, the root 
V, and the edges between them. 

With this idea we can induce from the morphism (/„, a function which 
sends branches of (Tx, f) to branches of (Ty, u)). 

Given (/„, $) : X — y it is immediate that, 

3^1 > $(1),$(2) such that /i op$(i)i^ = qi o /2 o p<j,(2)t, . 

3t2 > ti, $(3) such that f2 o P<;>{2)t2 = 92 o /a op$(3)t2- 

In general, 

3tk > tk-i,^ik+l) such that fiopq,(i)tk = (lik+i° fk+i°P<i>[i+i)tk < k (1) 

A sequence (x„)„gN with pn{xn+i) = Xn (which represents a geodesically 
complete branch in (Tx, f)) can be easily sent to (/„(x$(„)))„gN- To see 
that this represents a geodesically complete branch in (Ty , w) it suffices 
to check that fnix^(n)) = Qnifn+iix^(n+i))) Vn G N and by definition of 
{Xn)n&^ and tn, (1), we know that /n(x$(„)) = fn°P<S>{n)t„ixtJ = qn°fn+i° 
P$(n+l)t„(a^t„) = 9n(/n+l(a;$(n+l)))- 

With the finite branches we have to be a little more careful. Let (xi, ■ • • , Xm) 
be the sequence of vertices associated to a finite branch (xj = Pim{xm))- 
Let /cq := max{k}. Then, we can give another sequence in the image tree 

(/i(a;<l>(i)), ■ • • Jko+i{xq,(ko+i))) which is part of a branch of {Ty_,w) since 
tkQ is such that /i(x$(j)) = fi op$(j)„(x„) = qik^+i o fko+i ° P<s>{i+i)n{xn) = 
Qiko+i o /fco+i(^*(fco+i)) Vi < /cq. 
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Thus, for every branch F of (Tx, v) given by a finite (or infinite) sequence 
of vertices (xi)^^ (or (x„)„gN), there is some branch G in (Ty, it)) which 
contains the vertices (/i(a;$(i)))f=i'^ ((/n(a^<i>(n)))nGN), in particular, if F is 
geodesically complete so is G. Hence, from (fn,^) we can induce this way 
a function / sending branches of (Tx, f) to branches of (Ty^,w). Finally, let 
/ : (Tx , v) (Ty , w) such that if t < ti then f{F{t)) = w and if t € [tfc, tk+i] 
then f{F{t)) = f{F){k - 1 + j^^^) for any branch F of {Tx,v). Let us 
see that this map is well defined, rooted, continuous and metrically proper. 

Well defined . Consider a point of the tree with two representatives 
F{t) = G{t) and suppose t G Hence the image will be f{F){k — 

1 + ti^) or f{GKk - 1 + but since F ^ G on [0,tk], F{i) = 

G{i) yi < tk. Then f{F){i) = f{G){i) Vi < A: + 1 and f{F) = f{G) on 
[0, A; + 1] and thus, the image is unique. 

It is obviously rooted and continuous, and clearly, f^^{B{w, k)) C B{v, tfc+i), 
and then, metrically proper. 

It is clear that the election of tk may affect to the induced map. From 
another sequence {t'i^)k£N in the same conditions, we will induce another map 
/' between the trees but if we consider H the shortest path homotopy (|2.15|) 
oif\o f, since f{F{tk)) = f'{F{t'^)) = G{k-l),H{T\B{v,max{tk,t'f^})) C 
r'\S(tf, /c — l) which is equivalent to i7~^(i?(ui, /c—l)) C B{v,max{tk,t'i^})y< 
I. Hence, there is a metrically proper homotopy between the induced maps 
/, /' and from a morphism in Tower-Set we induce a unique metrically 
proper homotopy class [f]mp of rooted continuous metrically proper maps 
between the trees. 

Proposition 4.2.1. The map f is non-expasive (Lipschitz of constant 1). 

Proof. If are in the same branch x = F{t),x' = F{t') then it is clear 
that d{x,x') > d(f{x),f{x')) since intervals with length t„+i — tn > 1 are 
sent linearly to intervals of length 1. 

If x,x' are not in the same branch x = F(t),y = G{t') then let to = 
sup{t\F{t) = G{t)} and y = F{to) = G{to). d{x,x') = d{x,y) + d{y,x') > 
d{f{x)J{y))+d{f{y)J{x')) > d{f{x)J{x')). □ 

Since / is metrically proper and non-expansive it is obvious that 

Corollary 4.2.2. The map f is coarse. 

5 The functors 

Remember that Tower-Set is the category of inverse sequences in Set cat- 
egory with equivalence classes of morphisms of sequences, and let T* be the 
category of rooted simplicial trees and metrically proper homotopy classes 
of metrically proper maps between trees. 
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Definition 5.1. Let ^ : Tower-Set — ^ T* be such that £(X) = Tx_ for any 
inverse sequence and ^(/) = [f\mp for any morphism of sequences. 

Proposition 5.2. is a functor. 

Proof. ^ is well defined . If / ~ 5, then ^(/) ~mp Cid)- Suppose (/, ^) ~ 
(3,^). Then Vn Bm^ > 'l>(n),^(n) such that fn o P<s>{n)mn = 9n ° P^i>{n)m„- 
We can assume m„ > m„_i. 

For any sequence x = (xi, • • • ,a:m„) with Km„(a;m„) = Vi < m„, the 
sequences • • • , /„(.t$(„))) C /(x) and (c/i(x,i,(i)), • • • ,gn{x^(n))) C 

are such that /„(x$(„)) = /n(P*(n)mn (a^m^)) = 5n(Pvl/(n)m„ (a^m„)) = 
Hence, for any branch F such that F{i) = Xi ^/i < rUn, then 

fiF){i) = /i(x$(i)) = gi{x^^i)) = ~g{F)(i) \/i<n and /(F) = g{F) on [0,n]. 

Thus, and since Vt > m„ f{F{t)),g{F{t)) C TY_\B{w,n), if we consider 
the shortest path homotopy H : Tx_ x J ^ Ty of / to ^, it is immediate to 
see that Vn € N Ht(T\B(v,mn)) C T'\B(w,n) Vt, which is equivalent to 
say that Hf^{B{w,n)) C B{v,mn) Vf, and hence, is a metrically proper 
homotopy. 

^{id Tower- Set) = idr* ■ If we consider the representative of the identity 
which is a level morphism and the identity at each level, the induced mor- 
phism between the trees if we assume tk = ^{k + 1) = A; + 1 sends each 
point F{t), with F any branch of T* and t < 2, to w and F{t) with t > 2 to 
F{t — 2). Clearly, there is a metrically proper homotopy of the identity to 
tliis contraction. 

C(go/)=^(g)°C(/) - Let (/,$) : X ^ y and (5,*) : Y ^ Z two 
morphisms between inverse sequences. First consider = $ o and h = 
g o f. To construct ^(/) and S,{g) we define the sequences (sn)nGN and 
(^n)nGN respectively, satisfying condition (1). For ^(5' o /), we define this 
sequence (tn)neN to be t„ = ^s„+i-i-i (note that (1) would be satisfied in 
{g o /, ^) for any tn > rs„). Then, any branch F given by a sequence 
of vertices {xi,--- ,Xn) with < n < t^+i is sent to a branch G whose 
k + 1 first vertices are {w, /ii(xh(i)), • • • , hk{x^(^k-j)), and if i G [tk, ifc+i] then 
h{F{t)) £ G[k — l,k]. If we consider ^(g) o ^(/) then we can assume that 
the branch F is sent to the same branch G, note that the first A; + 1 ver- 
tices of G are (w, ffi(/^(i)(2;$(^(i)))), • • • , gk{f^i{k){x^{^(^k))))), and also Vt G 
Kfe+i+i,?^Sfe+2+i] = [tk: tk+i] then g{f{F{t))) C G[k - l,k]. Hence, the in- 
duced map h doesn't need to coincide exactly with 50/, but both send inter- 
vals [tk, ifc+i] to intervals [k — 1, A;] and coincide on the vertices at levels tk all 
because of the election of (tn)neN- This obviously impUes the existence of a 
metrically proper homotopy between them and thus ^{gof) = ^{g)°C{f)- □ 

Definition 5.3. Let rj : T* ^ Tower-Set be such that for any rooted tree 
{T,v), r]{T,v) = {Cn,Pn,'^) and for any rooted continuous metrically proper 
map f, r]{f) = f the equivalence class of {fn,^f). 
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Proposition 5.4. r] is a functor. 



Proof, rj is well defined . If / /' then (/„,$/) ~ Let H : 

T X I — > T' be a rooted metrically proper homotopy of / to /'. Then Vn 3m 
such that H~'^{B{w.,n)) C B{v,m) x / and clearly, VA; > m,^ f{n),^ fi{n) 
fnOV<i>f{n)k = fL°P'S>f,{n)k and hence, ~ 
It is immediate to see that ri{idr*) = id Tower- Set- 

r]{go f) =v{g) oyif) - Consider / : {T,u) {T' ,v) and g : {T',v) ^ 
{T",w). Let be an increasing sequence of integers such that n)) C 

B{v, Sn). Let (r„)„gN an increasing sequence of integers such that f~^{B{v, n)) C 
B{v, Tn). We can now define the sequence (tn)raeN such that {gof)~^B{w, n) C 
B{u,tn) as t„ = rg^. Hence ^>go/ = o $j and {g o /)„ = 51^^ o /„ and thus 
V{9° f)=ri{g)ori{f). □ 



6 Equivalence of categories 

Recall the following lemma in |10| : 

Lemma 6.1. Let S : A ^ C be a functor between two categories. S is 
an equivalence of categories if and only if is full, faithful and each object 
c £ C is isomorphic to S{a) for some object a £ A. 

Theorem 6.2. rj is an equivalence of categories. 

Proof, rj is full. Let / be a class of morphisms in Tower- Set. Consider the 
representative (fn,^) such that Qn o fn+i = fn ° P^{n)^{n+i)- This allows 
us, in the construction of to assume t„ = <I>(n + 1). Hence the 

map / = ^((/„,<I>)) between the trees would be f{F{t)) = w if t < <I>(2) 
and f{F{t)) = f{F){n - 1 + ^^^^^^^^) if t G [^{n + l),$(n + 2)], 

where / is the induced map between the branches as in 14.21 It suffices to 
check that r}{f) = (fn,^) ~ ifn,^)- Clearly, ^{n) = + 2) and if we 
assume in the construction of 7y(/) that t'^ = ^'(n), then = qnn+2° fn+2 = 
and obviously, ~ (/„, $). 

Tj is faithful. If rj{f) ~ r][g) then / g. This is an immediate con- 
sequence if we see that for any rooted continuous metrically proper map 
/ : {T,v) {T',w), ^ o r]{f) /. ^ o r]{f) := / is a rooted contin- 

uous metrically proper map and let H be the shortest path homotopy of 
/ to /. Let ry(/) := where $(n) = tn and /„ : Ct„ C'^ are 

defined as in section 4. If / is the induced map between the branches 
(which we can assume to be the same for / and / since for any branch 
F of {T,v), f{F) C /(F)), the map e(r/(/)) = ^((/n,^)) = / sends F{t) 
to w if t < ^>(2) and if t € [$(n),$(n + 1)], with n > 2, f{F{t)) = 
f{F){n — 2 + ^(^n+i)~l>{n) ) ■ clear, because of the election of t„ = ^{n), 
that also f{F{^{n))) C T'- for t £ [^>(n),$(n + 1)] and hence, the 
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shortest path between f{F{t)) and f{F{t)) is contained in T'-^^^^^ Then 

H^^{B{w,n — 2)) C B{v,^{n)) Vn G N and H is metrically proper. 

Finally, for every inverse sequence X = (X„,p„,N) it is immediate that 
Tx is such that C„ = dB{v, n) = X„ and rjiTx) = 2L- D 

By 12.181 and 12.191 (also see l4.2.1|l we obtain the following corollaries. 

Corollary 6.3. There is an equivalence of categories between Tower-Set 
and the category of rooted simplicial trees with rooted metrically proper non- 
expansive homotopy classes of rooted metrically proper non-expansive maps. 

Corollary 6.4. There is an equivalence of categories between Tower-Set 
and the category of rooted simplicial trees with rooted coarse homotopy classes 
of rooted continuous coarse maps. 

7 Mittag-Leffler property from the point of view of 
Serre's equivalence 



We give the definition of Mittag-Leffler property from [12] restricted to the 
particular case when the index set is N. 

Definition 7.1. Let X= {Xn,Pn,^) be an inverse sequence in Tower-C. 
We say that X is Mittag-Leffler (ML) if Vno € N 3ni > uq such that 

Vn > ni, p„o ° • • • ° ° Pn-l{Xn) = Pno « ' ' ' ° Pni-2 o_p„i_i(X„J. 

Remark 7.2. Note that this definition doesn't depend on the category C. In 
fact X is (ML) if and only if is (ML) as inverse sequence in Tower-Set. 

Definition 7.3. We say that a € Xng is extendable to ni if there exist some 
(3 G Xn^ such that Pno o ■■■ op„^_2 opn^_i{P) = a. 

Remark 7.4. In Tx this means that the path which connects a with the root 
extends to a branch of length ni in the tree. Note that this extended branch 
connects the root with an element [5 G . 

The Mittag-Leffler property may be reformulated as follows: 

Definition 7.5. The inverse sequence (X„,p„,N) is (ML) if Vno 3ni > no 
such that Ma G X„y extendable to ni, then a is extendable to n\/n > ni. 

Remark 7.6. In Tx_ this means that for each level no there exist some level 
ni such that for every a G X„„ whose path connecting it to the root extends 
to a branch of length ni, then Vn > ni that path can be extended to some 
branch of length n. 

Proposition 7.7. Let X_ = (X„,p„,N) be an inverse sequence and Tx_ the 
correspondent tree. If X^ is (ML), then for each level no, there is a level 
ni > no such that for any point a G X„q extendable to ni, the path in Tx_ 
which connects the root with the vertex a is geodesically complete. 
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Proof. (ML) means, see remark 17.61 that for each level no there is a level 
ni > no such that for any vertex a £ Xn^ extendable to ni, the path of the 
tree which connects the root with the vertex a extends to a path of length 
n Vn > ni. To see that the path extends to a geodesically complete branch 
of the tree we proceed by induction. First we extend it to level no + 1 this 
way. 

Since the inverse sequence is (ML), we apply this property at level no + 1. 
Hence, there exist some A''i > no + 1 such that any (3 € Xn^+i extendable to 
A'^i is extendable to A^, VA^ > A'^i (see definition 17. 5|) . There is no problem 
to assume A^i > ni. If we apply (ML) to level no, it is clear that also a is 
extendable to VA^ > A''i. This implies that there exist some 7 G Xjy such 
thatpnoO- • ■opN-2°PN-ii'y) = a, and that a' := Pno+i°- ■ ■opN-2°PN-i{l) € 
is extendable to A^i. This allows us to repeat the induction argument, 
and hence, the path is geodesically complete. □ 

It is immediate to see the following: 

Remark 7.8. A tree is geodesically complete if and only if all the bonding 
maps of the induced inverse sequence are surjective. 

Therefore, the maximal geodesically complete subtree is the maximal 
subtree such that all the bonding maps of its inverse sequence are surjective. 

In [12] we can find the following theorem at [/I. §6. 2] referred to inverse 
systems. 

Proposition 7.9. J£ is (ML) if and only if it is isomorphic to an inverse 
sequence with surjective bonding maps. 

With this, and by theorem 16.21 we can give the following: 

Proposition 7.10. 2L 'is (ML) if and only if there is a rooted metrically 
proper homotopy equivalence between Tx and its maximal geodesically com- 
plete subtree T^q. Moreover the homotopy can be chosen to be a deformation 
retract. 

Proof. Suppose X is (ML). By 17.71 for each level n, there is a level tn > n 
such that for any point a G X^ extendable to t„, the path in Tx which 
connects the root with the vertex a is geodesically complete. 

Let Too the maximal geodesically complete subtree. For each point x G 
Tx let yx G Too be such that d{x,Too) = d{x,yx) and : [0, ci(x. Too)] 
[x, yx] the isometry from the subinterval in M to the unique arc between x 
and yx. Thus, let H : Tx_ x / — > Tx_ such that H{x,t) = jx{t ■ d{x,Too)). 
Clearly H is an homotopy such that Hq = id and Hi = r : Tx_ T^o with 
H{x,t) = x \/t G I Vx € Too {Too is a deformation retract of Tx, by 12.121 
since the metric of a simplicial tree is proper when we consider the edges of 
length 1). 
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This homotopy H is metrically proper. For every finite branch F with 
length m > tn there is a geodesically complete branch extending the sub- 
branch of length n and hence the homotopy H sends the points on Tpi^i^^^ to 
rp(„) and hence H~^{B{w,n)) C B{v,tn)- 

Conversely, this equivalence implies that the inverse sequence is isomor- 
phic to the inverse sequence induced by the geodesically complete subtree, 
whose bonding maps are obviously surjective. □ 

If we consider two inverse sequences to be related if and only if they are 
isomorphic and the correspondent equivalence of maps as Mardesic and Segal 
do to define the shape category in [12] I §2.3 we get the following result: 

Proposition 7.11. There is an equivalence of categories between classes of 
(ML) inverse sequences with classes of morphisms between them and isomor- 
phism classes of rooted (simplicial) geodesically complete trees with classes 
of metrically proper homotopy classes of rooted continuous metrically proper 
maps. 

The condition on the trees of being simplicial may be omitted by the 
following proposition. 

Proposition 7.12. For every rooted E.-tree (T,v) there is a simplicial rooted 
tree {T',w) such that {T,v) ~l {T',w). Moreover there is a bi-Lipschitz 
homeomorphism between end{T,v) and end(T' , w) . 

Proof. Let {T,v) be an M-tree. Let Cn '■= dB{v,n) and p„ : Cn+i — > C„ 
withp„(c„+i) = On if and only if c„ G [f,c„+i]. C = (C„,p„,N) is an inverse 
sequence. Let {Tq, w) the induced rooted simplicial tree. Then there is a 
rooted metrically proper non-expansive homotopy equivalence. 

Let / : {Tc_,w) — > {T,v) be such that f{w) = v, f{cn) = c„ and for each 
edge f{[cn,Cn+i\) = [c„,c,i+i] the isometric embedding. The map / is well 
defined, rooted, continuous, metrically proper and non-expansive. 

For each branch F of {T,v) there is a branch g{F) on (T^, f) whose 
vertices are F{n) with n € N (n = 1, • • • , /c if F is finite). To define g : 
iT,v) ^ iTc,w) let g(B{v,l)) = w and g{F{t)) = g{F){t - 1) if t > 1. 
The map g is well defined, rooted continuous metrically proper and non- 
expansive. 

Both go f and fog send any point F{t) to F{t — 1) if t > 1. Hence both 
are rooted metrically proper non-expansive homotopic to the identity (the 
shortest path homotopy is non-expansive at each level). 

If we consider the induced map / : end{T', w) — > end{T, v) it is clearly a 
bijection. It is also immediate to see that yF,G G end{T',w) there is some 
no G N such that d{F, G) = e""" . This means that F{n) = G{n) Vn < no 
and -F(no -|- 1) 7^ G(no + 1). It is clear from the construction of T' that 
/(F)(no) = /(G)(no) and /(F)(no + 1) / /(G)(no + 1). Hence e""""! < 
d{f{F)J{G)) < e-«o and thus G) < d{f{F), f{G)) < G). □ 
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This result, with 12.171 yields 

Corollary 7.13. For any complete ultrametric space of diameter < 1 {X,d), 
there is a simplicial rooted tree (T, v) such that end{T, v) is bi-Lipschitz 
homeomorphic to {X,d). 

In particular, let us consider the category U* whose objects are uniformly 
homeomorphic classes of complete ultrametric spaces of diameter < 1 and 
whose morphisms are classes of uniformly continuous maps, where two uni- 
formly continuous maps /, g are related if the following diagram commutes 




with i,j uniform homeomorphisms. 

Similarly, let S* be the category whose objects are metrically proper 
homotopy classes of (ML) rooted simplicial trees and whose morphisms are 
classes of morphisms in T* making the diagram commutative 




with i,j rooted metrically proper homotopy equivalences. 
Then, by 17.111 we can state: 

Proposition 7.14. There is an equivalence of categories between U* and 
S*. 

Hence, if Tower-Set is the category whose objects are isomorphic 
classes of (ML) inverse sequences and whose morphisms are classes of mor- 
phisms in Tower- Set where / ~ /' if the diagram commutes 




with i,j isomorphisms in Tower-Set. 
Corollary 7.15. There is an equivalence of categories between Tower- 



Set\.[i^ and U* 



Corollary 7.16. The shape morphisms in the sense of Mardesic- Segal bet- 
ween (ML) inverse sequences can be represented by classes of uniformly con- 
tinuous maps between bounded ultrametric spaces. 
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8 Level morphisms and simplicial maps 



In the particular case of level morphisms between inverse sequences we will 
see that we can induce a map between the trees which is simplicial, preserves 
the distance from the root and is in the same class of the map obtained with 
the functor ^ defined in 15.11 

Definition 8.1. (fn,^) '■ (X„,p„,N) {Yn,qn,^) is a level morphism of 
sequences «/<!>: N —> N is the identity and Vn € N fn°Pn = Qn° fn+i ■ 

Proposition 8.2. A level morphism {fn, *5) : ^ — > H induces a rooted sim- 
plicial map f : Tx_ Ty_ which preserves the distance to the root. Moreover 
this simplicial map is in the same class of the metrically proper map induced 
between the trees by the functor. 

Proof. Let f{v) = w. Since /„ : X„ send vertices to vertices Vn G N 

and Vx„ G X„ let /(x„) := /n(x„). An edge in Tx is a pair [x„,j:„+i] 
with Xn G Xn,Xn+i G Xn+1 and pn{xn+i) = and its image /([x„, 
will be [/„(x„),/n+i(x„+i)] which is an edge in Ty since g„(/„+i(x„+i)) = 

fn{j>n{Xn+\)) = fn{Xn)- 

To construct the metrically proper map ^(/) we can suppose t„ := n + 
1 and hence Vt > 2, / sends F{t) = f{F){t - 2) and Vn > 2 = 
qn-i{(ln{fn{xn))) ■ Thus, the equivalence between the maps is obvious. □ 

By [E] I §1-3: 

Proposition 8.3. Let {fn, ^) : X_^Y_be any representant of any morphism 
in Tower-C. Then there exist inverse sequences X' and Y_' , isomorphisms 
i: ,j : H — > H' in Tower-C and (/^, id) a level morphism such that 

JO (/„,$) = (/;, id) oi:X^y'. 

Hence if we consider the category Tower- Set* of equivalence classes of 
isomorphic inverse sequences and the correspondent classes of morphisms 
(see |12| ) then in every class (in particular, for any shape morphism) there is 
a representative which is a level morphism. Hence, in the equivalent category 
of classes of simplicial rooted trees, in every class of morphisms there is a 
simplicial map preserving the distance to the root. Hence we can reduce 
this category to isomorphic classes of simplicial rooted trees and classes of 
simplicial maps preserving the distance to the root. 

Proposition 8.4. There is an equivalence of categories between Tower- 
Set* and the category of isomorphic classes of rooted simplicial trees with 
metrically proper homotopy classes of simplicial maps preserving the distance 
to the root. 

Remark 8.5. Any shape morphism in Tower-Set can be represented by a 
simplicial map between rooted simplicial trees preserving the distance to the 
root. 
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Pro-groups In this section we study some classic results in pro-groups 
which appear in [12], in terms of M-trees. We obtain alternative proofs, 
in geometric terms and in some case, significantly different, of some of the 
results. 

Lemma 8.6. is an inverse sequence in Tower-Grp, with Grp 

the category of groups and homomorphisms, we consider the discrete topology 
at each Gn, then G = lim{Gn) with the inverse limit topology is a complete 
ultrametric topological group. Moreover translations and inverse are isome- 
trics. 

Proof. This inverse limit topology, the induced topology as a subspace or 
n Gn, if we consider the discrete topology at each Gn coincides with the 

nGN 

ultrametric topology as end space of the correspondent tree of the inverse 
sequence in Tower-Grp. 

In this inverse limit, translations and inverse are isometrics. Let g : = 
{gn)nen,k ■= (/in)neN S G such that d{g,h) = e""", this is g„ = /i„Vn < no 
and Qno+i 7^ ^no+i- Let k := {kn)neN £ G and the translation G ^ G given 
by X := ixn)nm ^ k- x = {kn ■ Xn)nm- Clearly, kn ■ Qn = K ■ K Vn < no 
and kno+i ■ Qno+i K^+i ■ Ko+i and thus d{k ■ g,k- h) = e""". 

Similarly g~^ = h^^ Vn < no and gn^+i 7^ ^no+i hence d{g^^ , hT^) = 
d{g,h). ~ □ 

Lemma 8.7. If (Gn,Pn) and {Hn,qn) are inverse sequences in Tower-Grp 
with the discrete topology at each level, G = lim{Gn) and H = lim{Hn) with 

the inverse limit topology and f : G ^ H is continuous then, f is uniformly 
continuous. 

Proof. Since it is continuous at Og, Ve > there exists 5 > such that 
yg eG with d{g,OG) < S then d{f{g),OH) < e. 

Let h,h' € G such that d{h, h') < S. Then, since translations are isome- 
trics, d{h'-^ ■ /i,Og) < S and hence d{f{h'-^ ■ h),OH) < e, and d{f{h'~^ ■ 
h),OH) = d{f{h')-' ■ f{h),OH) = d{f{h), f{h')) <e. □ 

ByO 

Lemma 8.8. If {Gn,Pn) is a (ML) inverse sequence in Tower-Grp, G = 
lim{Gn) and iTn '■ G ^ Gn the natural projection then every n admits some 

m> n such that pnmiGm) = 7r„(G). 

Proposition 8.9. If {Gn,Pn) is a (ML) inverse sequence in Tower-Grp, 

G = lim{G n) and TTn '■ G — >■ Gn the natural projection then {Gn,Pn) ^ 

{TTn{G),pn\) are isomorphic in Tower-Grp. 
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Proof. Let in : vr„(G) — > Gn the natural inclusion, which is obviously an 
homomorphism. is a level morphism in Tower-Grp. To define (/„, <I>) : 
{GniPn) — (7rn(G'),pri|) Consider for each n the (ML) index m > n and 
define $(n) = m, then by 18.81 pn^fCm) = 7r„(G) and hence we can define 
/n. := Pnm ■ Gm ^ vrn(G). It is clcar that (/n)o(in) ~ ^c?{G„) and {in)°ifn) ~ 
id(7r„(G)). □ 

A morphism / : X — > y in an arbitrary category C is a monomorphism 
provided fog = fog' implies g = g' for any morphism g,g' : X' ^ X. 
Similarly, / : X ^ y is an epimorphism provided g o f = g' o f implies 
g = g' for any morphism g,g' : Y ^ Y' . The following characterizations 
of monomorphism and epimorphism of pro-groups are in [12] and we adapt 
them to the particular case of inverse sequences of groups. 

Lemma 8.10. Let G = {Gn,Pn) and H_ = {Hn,qn) be inverse sequences 
of groups and let f : G ^ H_ a morphism in Tower-Grp given by a level 
morphism (fn)- f is a monomorphism if and only if the following condition 
holds: 

(M) For every n there exists a m > n such that 

Ker{fm) C Ker{p 

nm ) 

Lemma 8.11. Let G = {Gn,Pn) and H_ = {Hn,qn) be inverse sequences 
of groups and let f : G ^ H_ a morphism in Tower-Grp given by a level 
morphism (fn)- f is an epimorphism if and only if the following condition 
holds: 

(E) For every n there exists a m > n such that 

Im{qnm) C Im{fn) 
It is also proved in fl^ the following 

Proposition 8.12. Let f G_ ^ H_ a morphism in Tower-Grp. f is an 

isomorphism in Tower-Grp if and only if it is a monomorphism and an 
epimorphism. 

Proposition 8.13. Let (fn) : G —f H_ be a level morphism of inverse se- 
quences of groups which induces an isomorphism of groups f : lim{G) — > 

lim{H_). If f is open and G has (ML) property, then the induced morphism 
f : G_^ H_ is a monomorphism in Tower-Grp. 

Proof. Since / is a bijective open map then Ve > there exists 5 > such 
that if d{f{g),OH) < S then d{g,Oo) < The metric in the inverse limit 
is the ultrametric as end space of a tree. Thus, for g = {gn)neN G G, 
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We want to check (M) for (/n)- For every uq let e = e~'^°. Let 6 > 
with the condition above and consider mo > —ln{5). Since {Gn,Pn) is (ML) 
consider nii > tuq such that Pmomi{Gmi) = T^mo{G) (see l8.8|) . 

If G Ker{fm^), PmomA^m^) G Ker{fmo) since (/„) is a level mor- 
phism and the diagram commutes. 

Let g = {gn)n<=N £ G be such that iTmoig) = Qmo = PmomAxm^)- Since 
(/n) is a level morphism Qn G Ker{fn) Vn < mo. Then fnidn) = Vn < mo 
and d{f{g),OH) < e""*" < 5. Hence Og) < e = e""'^ which imphes 
that 5n = Vn < no where = gno = Pmomi{xmi) and finally x^i € 
Ker{pmomi)- □ 

Proposition 8.14. Lei (/„) : G ^ H_ be a level morphism of inverse se- 
quences of groups such that the induced morphism f : lim{G) lim{H_) is 

surjective. If H_ has (ML) property, then the induced morphism f : G ^ H 
is an epimorphism in Tower- Grp. 

Proof. We need to check (E) for (/„). Let no G N. Since H_ is (ML) there 
is some mo > no such that qnomo{Hmo) = T^mo{H)- If Vmo G i?mo then 
qnomoiUmo) G QnomoiHrno) = Im{qnomo)- Let h = {hn)n&N G if be such that 
T^noih) = hno = Pnomoiymo)- Since / is surjective there is some g = (s'„)„gN G 
G such that f{g) = h and this implies that fnidn) = Ki = T^nOl) Vn, and 
hence hn^ = qnomoiymo) C /„o(G„o) = 7m(/„,J. □ 

We can recall the classical result. 

Proposition 8.15. // G and H are separable and completely metrizable 
topological groups and if h : G ^ H is a surjective continuous homomorphism 
then h is open. 

Lemma 8.16. Let {Gn,Pn) be an inverse sequence in Tower-Grp. Then 
G = lim{G) is separable if and only Vn G N TTn{G) is countable (with 

7r„ : G — > Gn the natural projection) . 

Proof. If TTniG) is countable and we consider for each n and each element 
dn G iTn{G) an element g € G such that iTn{g) = gn we have a countable dense 
subset. If there is some n with 7r„(G) not countable, then {vr~^(g(„)| gn G 
TTniG)} defines an uncountable partition of G, and hence, G is not separable. 

□ 

As a corollary of this we can give the following theorem which is almost 
the same in [12] (II, §6. 2 Theorem 12) where it is proved using an exact 
sequence and the first derived limit. Here we present a slightly stronger 
version with a more direct and geometrical proof. 

Theorem 8.17. Let {fn) : G_^ H_be a level morphism of inverse sequences 
of groups which induces an isomorphism f : lim{Gn) lim(Hn). If G and 
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H have the (ML) property and all iTniG) are countable, then the induced 
morphism f : H_ is an isomorphism in Tower- Grp. 

Proof. Since / is surjective vr„(//) is also countable, and by lemma [8.161 G 
and H are separable. Since / is the induced map between the limits by 
a level morphism, it can be considered as the induced map between the 
end spaces by a metrically proper map between the trees and hence it is 
uniformly continuous with the induced ultrametric. Thus, by I8.15l it is open 
and by propositions 18.131 and 18.141 the induced morphism in Tower-Grp 
/ is a monomorphism and an epimorphism, and hence (see I8.12p / is an 
isomorphism in Tower-Grp. □ 



9 Tree of shape morphisms 

Up to this section we have related categories of inverse sequences with cat- 
egories of simplicial trees and we have mentioned how this can be used to 
describe a shape morphism as a map between trees. In this last section 
we treat the spaces of shape morphisms between compact connected metric 
spaces. We use the representation of the shape morphisms as approximative 
maps since the spaces of approximative maps can be given as the inverse limit 
of an inverse sequence of maps. Thus, this inverse sequence corresponds to 
a tree, the infinite branches will be the approximative maps (i.e. the shape 
morphisms), and the ultrametric between these as end space of a tree (12. 7|) 
is equivalent, up to uniform homeomorphism, to the ultrametric described 
by M. Moron and F. R. Ruiz del Portal in [T5] . 



Inverse limits and approximative maps Let y be a compactum in the 
Hilbert cube I°°, Borsuk proves in |3] that there is 

an inverse system such that limY^ = Y with Yfc C /°° prisms in the sense 

of Borsuk [3] (Yfe is homeomorphic to the cartesian product P x I°° with 
P a compact polyhedron) such that Yk is a neighborhood of Y, Ifc+i C Yfc 
and Pi the natural inclusion. Let X another compactum and {fk}k£n an 
approximative map of X towards Y in the sense of Borsuk [3] with fk'.X^ 
Yk. 
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Proposition 9.1. Given {fk}keN with fk-X^Ykun approximative map 
then there exists {/^.}fceN with fj^: X ^ Yi~ an approximative map such that 
Pk o /fe+i - fk in Yk Vfc G N and {fk}k&n - {fk}ken- 

Proof. By definition of approximative map we know tiiat VAT 3m{N) such 
that pt o /t+i ~ ft in Yn yt > m{N). 

For A^i = 1 there exists nii such that pt o f^j^i ~ in Yi \/t > mi. 
Define qn^ := pi o p2 o . . . o Pmi-i ° fmi '■ X Yi. Now let 7V2 = mi and 
there exists m2 such that pt o f^^i ~ ft in Y/Vj ^ ^2- Then, define 
gN2 ■= Pmi ° Prni+1 o ...o pm-^-i o f^^ : X ^ FjVa ■ We Can construct in this 
way an inverse sequence {YnA 



PN2N1 Pn^n. 



Ym, '"^'^ Y^, 



2 



2 



with PNi+iNi the natural inclusion {pNi+iNi = PNt °PNi+i o • • • °PNi+i) which 
is equivalent to {Ifej/jgi^ since {A'jljgp^ is cofinal in N. 

Hence we have another approximative map from X towards Y, {^ATjlieN 
with gNi ■= Pnii.i o Pmi_i+i o . . . o prrii-i o frm ■ X ^ Y^^. Clearly - 
PNi+i ° 9Ni+^ in Yn^ Vi. 




Now we can define the approximative map {g'ijieN with gi := p]^, o gj^. : 
X ^Yi VA^i_i < i < Ni. It is quite easy to see that it represents the same 
shape morphism. Following Borsuk's approximation, for any neighborhood 
V of Y there exists io such that Y/v- C V \/i > iq, and it is immediate to 
check that {gijieN - {gNjieN - {/JieN- 

Hence, for every shape morphism there exists a representative which is 
an approximative map with the condition above. □ 

Let [X, Yj.] the homotopy classes of continuous maps from X to Yk. Since 
Yk is a prism, we can prove that card{[X,Yk]) < ^^o• Pfc ^ ^fc+i ~^ Yk induces 
a map pi : [X, Y^+i] — > [X, Y^] and hence {[X,Yk],pl.) is an inverse sequence 
in Tower-Set. Clearly, an element in the inverse limit is an approximative 
map. Then, in the correspondent tree of this inverse sequence {Tx,y,v), 
the geodesically complete branches are given by sequences of vertices that 
represent approximative maps. 

Proposition 9.2. There is a bijection between the homotopy classes of ap- 
proximative maps from X to Y and the geodesically complete branches in 

Tx,Y- 
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Proof. Clearly a geodesically complete branch of the tree represents an ap- 
proximative map and by proposition 19.11 each class of approximative maps 
is represented by a geodesically complete branch in Txx- ^ 

Let us recall that by T^y we denote the maximal geodesically complete 
subtree of Tx,y • 

Proposition 9.3. Consider (Sh(X,Y),d) the space of shape morphisms de- 
fined in J 15^ . Then, end{T^Y) 'i-^ uniformly homeomorphic to (Sh(X,Y),d). 

Proof. It is well known the bijection between shape morphisms and homo- 
topy classes of approximative maps, see [12]. Hence, by 19.21 we can assume 
this bijection between shape morphisms and branches of T^y)- 

Ve > there exists no such that Yfc C |) Vk > uq. Consider two 
branches of y) ^ ^iid G such that d{F, G) < 6 = e~"" with the metric 
d of end{T^ y-^). F and G represent two approximative maps {fk}keN and 
{gk}keN such that fk ^ 5fc in V/c < no and since pk o fk+i ~ fk in 
Yfc Vfc E N we have that fk — gk in Yno and, in particular in B{Y,^) \/k > 
no, and hence for the respective shape morphisms d{f,g) < e. 

On the other way, Ve > there exists no such that < e > riQ, 
and since Yno is a neighborhood of Y, there exists S > such that B{Y,2 ■ 
S) C Yng . Consider two shape morphisms (represented by two approximative 
maps) f,g such that d{f,g) < 5 ^ 3ni such that fk — gk in B{Y,2 ■ 6), 
and in particular in Y^^ Mk > ni, and since ° fk P^k ° 9k in Yn^ 
the corresponding branches F,G coincide at least on [0, e""''] and hence 
d{F, G) <e. □ 

Remark 9.4. Note that this result is independent from the election of the 
sequence of prisms Yk- 

We tried to see if this homeomorphism could hold some stronger condition 
as being bi-Lipschitz or bi-H61der and it doesn't. 

Example 9.5. Let X = {*} a single point and y = {1, ^, . . . , . . . , 0}. 
The shape morphisms are represented by the maps 

ShiX Y) ■= / "'^ ^"^^ = {^}, 

\ «o such that ao(*) = {0} 

Clearly d(ao,an) = and d(a„,an+i) = in {Sh{X,Y),d). 
Now we can choose an inverse system of compact neighborhoods {Yk}k&^ 
with Yk C Ifc+i and pk ■ Yk+i Yk the natural inclusion such that 

ai ~ aj ( this is ai{*) and aj{*) are in the same path-component) in 

Yi,Y2,...Yni \/i,j G NU{0}, with ni > -ln(j) and 
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Oi ~ aj in Yn^_^+i, ■ ■ -Yn^ Vi,i > k - I, with Uk > -k ■ ln\^ ^ j 
VA; > 2. 

In this case it is clear that d{ak-i,ak) = e"^^ < (^^x^) = (^^i^fc^n^^ 
Thus, for any constant C > and < / < 1 there exists ko such that V/c > /cq 
C ■ {d{ak-i,ak)y < C ■ {d{ak-i, ak))^ < k ■ {d{ak-i, ak))^ < d{ak-i,ak) 
and hence, the uniform homeomorphism is not bi-H61der. 



Using these trees of shape morphisms we are able to obtain the next 
result from [15] about how composition induces uniformly continuous maps 
between the spaces of shape morphisms. 

Proposition 9.6. Let X, Y, Z be compact metric spaces and F : X ^ Y 
a shape morphism. If we build, using inverse sequences of neighborhoods 
totally ordered by inclusion with inverse limits X and Y , Tz^x and Tzy, and 
define : end{T^-^) — > end{T^Y) o,^ F*{'^) = F o a, then is uniformly 
continuous. 

Proof Let X = Xi ^ X2 ^ ■■■ , Y = Yi ^ Y2 ^ ■■■ and Z = Zi ^ 
<— • • • inverse sequences of neighborhoods connected by inclusions such 
that X = limXi, Y = limYi and Z = limZi. Let F £ Sh{X,Y). Then 

F will be represented by an approximative map f ■ X ^ Y_. Let us see 
that induces a morphism of inverse sequences between {[Z, Xk],il) and 
{[Z, Yk], il). Given f '■ X ^Y_, see Lemma 1, page 333 in [12], there exists a 
fundamental sequence (<!>„) : X ^Y such that for every A; G N, ^k\x = fk 
and ^k'\Uk — ^k\Uk in ^fc, k' > k for some neighborhood Uk of X. In 
particular, ^k{Uk) C Yk and there exists some level ruk for which Xm^ C Uk- 
Then, the map : [^,^mj ^ [Z,Yk] given by ^k*{fk) = ^k° fk is well 
defined. We can assume that (rrifc) is increasing and to check that this induces 
a morphism between inverse sequences it suffices to see that the following 
diagram commutes: 



[Z,Xrnk+i] 



[Z,Yk] 



[Z,Yk+i] 



Let [/m,+i] G [^,^mfe+i 

the definition of ^k we know that ^k\x.. 



and consider o <^k+i ° /m^^ 



k+l\X„ 



: Z 

in Yk, 



Yk- From 
therefore 



o o /, 



^fc o ^* o f, 



nife+l 



Z Yk and the diagram commutes. 



A morphism between inverse sequences induces, see l6.2l a rooted contin- 
uous metrically proper map between the trees which may be restricted to a 
map with the same properties between the maximal geodesically complete 
subtrees. This map, can be translated with 12.171 to a uniformly continuous 
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map between the end spaces, and those are the spaces of shape morphisms 
with their ultrametrics (with those depending, up to uniform homeomor- 
phism, on the inverse sequences initially chosen). □ 



Inverse limits and MardeSic-Segal's approach to shape morphisms 

Let X,Y two compacta. Mardesic and Segal proved in [12] §5.2, see also [TT] . 
that there are inverse sequences in the homotopy category V of topological 
spaces having the homotopy type of polyhedra X := Yi <— X2 <— • • • and 

Y := Yi I2 ^ • • • such that X = limXi, Y = limYi and p : X ^ X, 
q : y ^ Y "P-expansions. They also defined the shape morphisms between 
X and Y as homotopy classes of morphisms in pro-V between X and Y and 
proved that those morphism can be given by homotopy classes of morphism 
in pro- Top, with Top the category of topological spaces, between X and 
Y. They also proved that if we restrict ourselves to the Hilbert cube, there 
is an isomorphism of categories between this category and Borsuk's Shape 
category. 

Homotopy classes of morphism in pro- Top between X and Y can be 
given as inverse limits of the inverse sequence {[X, 1^], Qk*)- Thus, if we con- 
sider Txx the tree of this inverse sequence, we have the following proposition. 
(Obviously, it may be given as a corollary of 19.21 but it seems interesting to 
include here a direct proof of this). 

Proposition 9.7. There is a bijection between the shape morphisms of X to 

Y and the set of geodesically complete branches in Tx,y ■ 

Proof. First we define a function ^ from the geodesically complete branches of 
the tree to the shape morphisms. A geodesically complete branch of the tree 
obviously represents a morphism f : X — > Y, in pro-HTop (where HTop 
is the homotopy category of topological spaces), which is a commutative 
diagram as follows. 



Since Y^ is in let p : X — > X be any P-expansion of X, see |T2]. 
Thus, for any morphism f : X — > Y in pro-T there exists a unique morphism 
h : X ^ Y in pro-P making commutative the diagram. 




X 



X 



p 



X 




Y 
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This means that for any morphism f : X ^ Y in pro-HTop, this is 
any geodesically complete branch F of the tree, there is a unique homotopy 
class [h] of morphisms in pio-V making the diagram commutative, this is, a 
unique shape morphism H : X —f Y. So we define ^(-F) = H. 

^ is injective. Let F, F' be infinite branches and f, f ' : X — > Y the 
corresponding morphisms in pro-T and suppose that ^(f) = H = [h] and 
^(f) = H' = [h'] are such that h ~ h'. This means that Vn G N there exists 
some m € N, m > ^{n), $'(n), such that the diagram commutes: 

^'^m ^ Xm ^ ^^'^ 




Y 

Clearly /i„ op^^^^^ ~ h'^ °P^'(n)m implies that if we compose with pm '■ 
X — > Xm of the P-expansion p we have that, 

hnOP<!,{n)m°Pm^K°Pil>'{n)m°Pm- (2) 

Since p is a morphism in pro-T p^(n)m.°Pm — and p^'(n)m°Pm — P^>^ and 
by definition, ho p ~ f, this is, Vn G N, /i„ °p^[n) — fn and h'^ °P^(n) — /«• 
Then we have that Vn G N 

fn^hnO pq,{n)m O Pm ^ K o P<S>'{n)m ° Pm ^ fn- (3) 

Hence f- f and F = F'. 

^ is surjective. Consider any shape morphism between X and Y given by 
a morphism in pio-V between the inverse sequences, : X ^ Y. Then if 
we consider f : X — > Y defined by fk ■= p^(k) ° ^^(A:) ■ X ^ Yf^ and F the 
corresponding branch then obviously f ~ h o p, and the uniqueness of [h] in 
the P-expansion implies that -ff = [h] = ^(F). □ 

Pointed shape. Let {X, *), (Y, *) two pointed metric compacta, then if 7^^= 
is the category of spaces with the (pointed) homotopy type of pointed poly- 
hedra, there are also defined in [12] pointed shape morphisms as (pointed) 
homotopy classes of morphisms in pio-V^. 

We can now define in a similar way a tree Tx*,y* whose vertices are 
pointed homotopy classes of maps from {X, *) to {Yn, *) (denoted [{X, *), {Yn, *)]) 
Vn € N and joining them in a similar way. There is an edge joining [a] G 
[(X,*),(n+i,*)] and [P] G [(X,*),(n,*)] if and only if \pk o a] ~, in 
(Yfc, *). A proof similar to the one given in the non-pointed case establishes: 

Proposition 9.8. There is a bijection between the pointed shape morphisms 
of {X, *) to {Y, *) and the set of geodesically complete branches in Tx*x*- 
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If we consider the first shape group, the (pointed) morphisms from {S^, *) 
to {Y, *) may be considered geodesically complete branches of the tree defined 

over the inverse system Y* := (Yi, *) ^- {Y2, *) ^ ■ ■ ■ . 

Now, as an example of this geometric point of view, let us analyze the 
solenoid. It is well known that the first shape group of the solenoid is trivial. 
Let us recall here the construction. 

Example 9.9. Consider a solenoid {Y, zq) which is the inverse limit of the 
following inverse system in pro-V^. {Yn, zq) = {S^,zq) \fn € N (with : = 
{z € C with \ \z\\ = 1} and zq = 1) and the bonding (pointed) maps pn ■ 
(Yn+i, Zq) (Yn, Zq) are defined by p{z) = z^ Vn G N. 

Each level of vertices of the tree, [(5^, zq), (l^n, -^o)]) has structure of 
group. It is in fact the first homotopy group of (y„,2;o) which is isomor- 
phic to (Z,+) (let hn : [{S^ , Zq), (Yn, Zq)] — > (Z, +) be this isomorphism), 
and the bonding maps p„ clearly induce endomorphisms fn in (Z, +) such 
that /n(l) = 2 and hence fn{z) = 2 ■ z. 

This implies immediately that the first shape group of the solenoid is 
trivial. If we consider the tree, T5, associated to this inverse sequence, the 
trivial pointed shape morphism is represented by the geodesically complete 
branch whose vertex in each [{S^,zq), (y„,zo)] is the trivial map f{z) = zq 
{K{f)=Qm (Z,+)). 

Any geodesically complete branch of the tree representing a non-trivial 
pointed shape morphism from (S'^jZq) to (Y^zq) would be determined by 
a sequence of vertices a„ G [(5*^, *), (^n,, *)] which can be identified with a 
sequence of integers (zi, -^3, • • •) with 7^ z„ = hn{an)- The bonding 
maps impose the condition that z„ = fni^n+i) = 2 • Zn+i but this leads to a 
contradiction. There must be some k £N such that 2^ doesn't divide zi and 
this contradicts the fact that zi = /10/20. . .ofj^[zk+i) = 2^ -zj^j^i. Thus, the 
maximal geodesically complete subtree consists of a unique infinite branch. 

Nevertheless, there are arbitrarily long branches in the tree T^, which 
means that the tree is not metrically proper homotopy equivalent to the 
maximal geodesically complete subtree. This corresponds, as we saw in lT.lOl 
to the sequence not being (ML), which is one of the basic properties of this 
sequence since the solenoid is not movable. 

Example 9.10. The same works for any solenoid defined with bonding 
(pointed) maps pn : {Yn+i-,zo) {Yn,zo) defined by p{z) = z^" with pn 
prime Vn G N. 

In this case the induced endomorphisms are such that fk{^) = Pk and 
so fk{z) = Pk ■ z. Any geodesically complete branch F is represented by a 
sequence of integers (zi, Z2, Z3, . . .) with 7^ z„ = hn{an) and the bonding 
maps impose the condition that Zn = fnizn+i) = Pn • Zn+i- Let zi = pi- Z2 = 
P2-Pi- Z3 = . . . and since zi is a finite product of primes there must be some 
A: € N such that Zk = 1 and this contradicts the fact that Zk = Pk ■ Zk+i- 
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